In this paper, we study logics of bounded distributive residuated lattices with modal operators considering ✷ and ✸ in a noncommutative setting. We introduce relational semantics for such noncommutative modal logics. We prove that any canonical logic is Kripke complete via discrete duality and canonical extensions. That is, we show that a modal extension of the distributive full Lambek calculus is the logic of its frames if its variety of algebras is closed under canonical extensions. After that, we establish a Priestley-style duality between residuated distributive modal algebras and certain topological Kripke structures based on Priestley spaces.
Introduction
A substructural logic is a logic lacking some of the well-known structural rules such as contraction, weakening, or permutation. Algebraically, substructural logics are often logics of ordered residuated algebras [16] . Modalities in substructural logics are studied at least in two perspectives. The first perspective has a connection with philosophical problems such as a relevant necessity. The second perspective is more applied and related to such issues as resource management. Here, linear logic use proved its efficiency in computer science and linguistics.
The computer science applications are more related to type theory, resourcesensitive computation and related applications in computation and type theory [1] [25] .
The noncommutative version of linear logic, the Lambek calculus [35] , proposed for linguistic issues, i.e., proof-theoretical characterisation of inference in Lambek grammars, the equivalent version of context-free grammars [39] .
Modalities in those logics (the !-modality, if more precisely) introduce lacking structural rules in a restricted way as follows:
Modal extensions of linear logic have an interpretation within the context of a recource management based on the phase semantics proposed by Girard [24] . Algebraically, exponential modalities were studied by Ono as additional exponential operators on FL algebras [36] . The Lambek calculus and their modal extensions also have the cover semantics proposed by Goldblatt [28] [29] . The abstract polymodal case of such an extension of the full Lambek calculus was recently studied by Kanovich, Kuznetsov, Scedrov, and Nigam [32] . In this paper, (sub)exponential modalities are considered from proof-theoretical and complexity perspectives.
The Lambek calculus characterises inference in categorial grammars. There are several approaches to consider categorial grammars from a broader modal point of view. Those approaches were overviewed by van Benthem in this paper [50] , the example given.
From a semantical point of view, the basic Lambek calculus is, e.g., complete with respect to so-called language models, residual semigroups on subsets of free semigroup [40] . The Lambek calculus with product and residuals is also complete with respect to subsets of a transitive relation [2] . The relational semantics for the basic Lambek calculus was obtained by Dunn, Gehrke, Palmigiano, and other authors using the canonical extensions technique [7] [12] . Alternatively, one may consider bi-approximation semantics for substructural logic studied by Suzuki [47] .
In this paper, we study the distributive version of the full Lambek calculus extended with normal modal operators ✷ and ✸ to consider a broader class of noncommutative modalities (as an abstraction of storage operators in noncommutative linear logic) in a distributive setting. We introduce noncommutative Kripke frames, relational structures for the distributive Lambek calculus extended with binary modal relations. We establish a discrete duality between such Kripke frames and perfect distributive residuated modal algebras developing approach proposed in, the example is given, [22] . After that, we overview canonical extensions of related modal algebras applying techniques provided in [12] [17] [21] to show that any canonical residuated distributive modal logic is Kripke complete. We also prove that the subexponential modality axioms are canonical ones. Thus, we show that the corresponding logics enriched with subexponentials are Kripke complete. Finally, we extend the obtained duality to topological duality between residuated distributive modal algebras and special topological Kripke spaces based on bDRL-spaces, Priestley spaces with a ternary relation dual algebras of which are bounded distributive residuated lattices [15] . We also use some ideas from positive modal and intuitionistic modal logics [5] [38] .
The text contains a short appendix with the brief survey on canonical extensions and duality for bounded distributive lattices to keep the paper selfcontained.
The distributive Lambek calculus with modal operators
In this section, we formulate the Hilbert-style the distributive full Lambek calculus enriched with normal modal operators. The language extends the language of the full Lambek calculus with modal operators ✷ and ✸ as follows ϕ, ψ :
By a residuated distributive normal modal logic, we mean some set of sequents that have the form ϑ ⇒ ψ, where ϑ, ψ are formulae, according to the following definition: Definition 2.1 A residuated normal distributive modal logic is the set of sequents Λ that contains the axioms (1)- (14) and closed under the following inference rules:
A residuated normal distributive modal logic extends normal distributive normal modal logic with residuals, product, and the connection axiom. The logic of bounded distributive lattices with modal operators was studied in depth in [22] , where one of the generalisations of the Salqvist theorem is proved.
To define relational semantics we introduce ternary Kripke frames with the additional binary modal relations. Such a ternary frame might be considered as a noncommutative generalisation of a relevant Kripke frame described, e.g., here [46] . As it is usual in the relational semantics of substructural logic, product and residuals have the ternary semantics as in, e.g., [2] [11] [43] .
A Kripke model is a Kripke frame with equipped a valuation function that maps each propositional variable to ≤-upwardly closed subset of worlds.
is the collection of all upwardly closed sets. The connectives have the following semantics:
The following definitions are also standard ones. By L K , we mean the minimal residual distributive normal modal logic, the minimal set of sequents that contains the axioms above and closed under the required inference rules.
The soundness theorem is the standard one. 
One may extend the notion of a bounded morphism for the relevant case to have homomorphisms between observed Kripke frames and models that preserve truth.
Definition 2.6 Let F 1 , F 2 be Kripke frames, a map f : F 1 → F 2 is a bounded morphism, if:
By the notation F 1 ։ F 2 we mean that there exists a surjective bounded morphism f : F 1 ։ F 2 and we call such a map p-morphism. Let F 1 , F 2 be Kripke frames, ϑ 1 , ϑ 2 valuations on F 1 and F 2 correspondingly, and f :
The following lemma is proved standardly, one may relativise the standard proof given in [4] [6] .
Residuated distributive modal algerbas
In this section, we study algebraic semantics and canonical extensions for observed logics. The required lattice-theoretic and canonical extensions definitions and notations are explained in the appendix. Let us define a residuated lattice [30] .
L is a bounded lattice, · is a binary associative monotone operation, ε is a multiplicative identity. \ and / are residuals, that is, the following equivalence holds for all a, b, c ∈ L:
Note that the class of all residuated lattices forms a variety since the quasi-identities above might be equivalently reformulated as identities, see [30] , Lemma 2.3.
A residuated lattice is called bounded distributive if its lattice reduct is a bounded distributive lattice. A residuated lattice morphism is a map f : L 1 → L 2 that commutes with all operations in a usual way.
Let us recall the essential facts about (prime) filters on bounded distributive residuated lattices, see [15] [49] . As a matter of fact, these statements hold for an arbitrary distributive lattice ordered semigroup since those properties of filters and their products don't depend on residuals.
A residuated distributive modal algebra is a distributive bounded residuated lattice extended with the operators ✷ and ✸ that distribute over finite infima and suprema correspondingly. One may also consider such algebras as full Lambek algebras [36] [37] reducts of which are bounded distributive lattices. Here, modalities are merely the K-like operators without any additional requirements except the connection between ✷ and ·. We require that ✷ is also "normal" with respect to the product. Such a "normality" corresponds to the promotion principle which is widespread in linear logic. This principle often has the K4 form, where formulae in the premise are boxed from the left. This version of the promotion is rather the K-rule than the K4 one:
The inference rule also allows one to obtain the Kripke axioms formulated in terms of residuals as, e.g., ✷(ϕ \ ψ) ⇒ ✷ϕ \ ✷ψ and ✷(ψ/ϕ) ⇒ ✷ψ/✷ϕ. This "normality" requirement is introduced as the additional inequation, more precisely: Definition 3.3 A residuated distributive modal algebra (RDMA) is an algebra M = R, ✷, ✸ with the following conditions for each a, b ∈ R:
An RDMA homomorphism is a bounded distributive residuated lattice ho-
One may associate with an arbitrary residual normal modal logic its variety of RDMAs as follows:
Note that ϕ, ψ are terms of the signature ∧, ∨, ⊥, ⊤, ·, \, /, ε, ✷, ✸ in such inequations as ϕ ≤ ψ. One has an algebraic completeness for each residual distributive normal modal logic as usual.
Theorem 3.5 Let Λ be a residual normal modal logic, then there exists an
Such an RDMA is a free countably generated algebra in the variety V Λ , the Lindenbaum-Tarski algebra up to isomorphism.
The following statement also holds according to the general technique [26] :
Let Λ be a residuated distributive normal modal logic, then the map Λ → V Λ is the isomorphism between the lattice of residuated distributive normal modal logics and the lattice of varieties of RDMAs.
We define a completely distributive residuated perfect lattice as a distributive version of a residuated perfect one defined in [12] . Definition 3.7 A distributive residuated lattice L = L, , , ·, \, /, ε is called perfect distributive residuated lattice, if:
• Its lattice reduct is perfect distributive • ·, \, and / are binary operations on L such that / and \ right and left residuals of ·, repsectively. · is a complete operator on L, and / :
Here we formulate canonical extensions for bounded distributive lattices with a residuated family in the fashion of [18] , where canonical extensions for Heyting algebras were studied. Here we take a generalised version of that contruction formulated for residuated lattices, see [17] .
Lemma 3.8 Let L = L, ·, \, /, ε be a bounded distributive residuated lattice, then L σ = L σ , · σ , \ π , / π , ε is a perfect distributive residuated lattice.
Instead of proof that repeats this one [17] , we just define · σ , \ π , and / π explicitly. Here we note that the canonical extension of a lattice reduct is a perfect distributive lattice [20] .
Let a, a ′ ∈ F (L σ ) and b ∈ F (L σ ), then
The residuality property follows from the meet-density of F (L σ ) and joindensity of I(L σ ) in L σ . Thus L σ is a perfect distributive residuated lattice. Let us describe the discrete duality for perfect distributive residuated lattices. Here we concretise the construction that establishes the discrete duality between perfect residuated lattices and perfect posets with ternary relation in [12] within a distributive setting. We piggyback the Raney representation of perfect distributive lattices as algebras of downsets of completely join-irreducible elements [42] that generalise Birkhoff representation for finite lattices [3] . We just recall that any perfect distributive lattice L is isomorphic
This representation might be extended to the duality between the categories of perfect distributive lattices and posets.
Let L be a perfect distributive residuated lattice. We define the relation
where ε is a multiplicative identity. The structure L + = J ∞ (L), ≤, R, O is the dual frame of a perfect distributive residuated lattice L.
Let W, ≤ be a poset and R ⊆ W 3 , O with the conditions (ii)-(vi) from Definition 2.4. Let us define the following operations on Up(W, ≤): The following theorem establishes the discrete duality between perfect distributive residuated algebras and posets with a ternary relation that encodes the product. Let us call such a poset with the relation as above a ternary Kripke frame. (i) Let R be a lattice reduct of R. Accoding to the Raney representation,
where ≤ δ is a dual order on J ∞ (R). Let us ensure that this isomorphism also preserves products and residuals. Let z ∈ η(a) · η(b), then there exists x ∈ η(a) and y ∈ η(b) such that
η preserves left and right residuals similarly to [15] , Lemma 6.10. that was shown for arbitrary bounded residuated residuated lattices and the extended Priestley embedding.
This isomorphism might be extended to the frame isomorphism via the frame onditions that connect a ternary relation with the partial order. ✷
Discrete duality and completeness
In this section, we establish a discrete duality between the categories of all Kripke frames and the category of all perfect residuated distributive modal algebras. We show that the Thomason's theorem [48] holds for normal residuated distributive modal logics. 
Given M, N perfect residuated distributive modal algebras, a map M → N is a homomorphism if f is a complete lattice homomorphism that preserves product, residuals, modal operators, and the multiplicative identity.
Let us show that the variety of all RDMAs is closed under canonical extensions. Proof. The lattice reduct of R is a perfect distributive lattice, [20] . In fact, one needs to show that the inequation ✷a · ✷b ≤ ✷(a · b) is canonical. Firstly, let us suppose that a, b ∈ C(M σ ). Note that ✷ σ a · σ ✷ σ b = {✷x · ✷y | a ≤ x ∈ M, b ≤ y ∈ M} that follows from the definition of a filter element, the fact that ✷ σ preserves all infina and · σ is an order-preserving operation. Then:
The complex algebra of a Kripke frame F = W, ≤, R, R ✷ , R ✸ , O is a complex algebra of the underlying residuated frame F + with the modal operators defined as
Here A is upwardly closed subset. These operations are well-defined. The dual frame of a perfect RDMA M = M, , , ✷, ✸, ·, \, /, ε is the dual frame M + of an underlying perfect distributive residuated lattice with binary relations on completely join irreducible elements introduced as aR ✷ b ⇔ ✷κ(a) ≤ κ(b) and aR ✸ b ⇔ a ≤ ✸b. Here, κ is an order isomorphism between between J ∞ (M) and M ∞ (M).
Logically, Kripke frames and their complex algebras are connected with each other as follows: The following discrete duality theorem is merely a combination of Theorem 3.9 and the similar fact proved for distributive modal algebras and frames for distributive modal logics [22] . Proof. It is easy to check that if f : F 1 → F 2 a bounded morphism is a bounded morphism of Kripke frames, then f + :
morphism. Thus, the dual equivalence follows from the previous two items and the lemma that claims that (.) + and (.) + are contravariant functors. ✷ The discrete duality established above together with canonical extensions of residuated distributive modal algebras provides the following consequence: Proof. The proof is similar to the analogous fact proved in [22] , but we reproduce a sketch.
Let Now we show that the following sequents that describe modalities as storage operators are canonical ones. This lemma partially repeats the Propositions 6.7 -6.10 here [12] . 
Proof. Let us check only the third sequent. The rest sequents might be checked similarly.
Let
The following completeness theorems follows from Theorem 4.6, Corollary 4.7, and Lemma 4.8.
Corollary 4.9 Let Γ be the set of all sequents from the lemma above and ∆ ⊆ Γ. Then L = L K ⊕ ∆ is Kripke complete One may also consider the subexponential polymodal case similar to [32] . Let us define a subexponential signature: Let us define the following axioms: 
Topological duality
In this section, we characterise a topological duality for residuated distributive modal algebras in the same fashion as it is provided for Boolean modal or intutionistic logics described, e. g., in [14] [44] . That is, we consider topological Kripke frames, ternary Kripke frames defined on Priestley spaces with binary modal relations, the category of which is dually equivalent to the category of all RDMAs. Alternatively, one may characterise such a duality in terms of general descriptive frames following the Goldblatt's approach [27] . See the Appendix to have an explaination the Priestley duality related definitions, terms, and notations. Firstly, we consider a Priestley-style duality for residuated distributive bounded lattices as follows. Here we piggyback the construction observed by Galatos in his Ph.D. thesis [15] . This construction is a noncommutative generalisation of relevant spaces, the dual spaces of relevant algebras studied by Urquhart [49] . In fact, bDRL-spaces and their extenstions with modal relations are the instances of relational Priestley spaces [26] . We note that such a space is totally disconnected with respect to a ternary relation according to the fourth condition. We introduce desired topological Kripke frames as bDRL-spaces with modal relations. 
Given a residuated distributive modal algebra M = R, ✸, ✷ on a bounded distributive lattice R, we define the set of all prime filters PF(L) and a map φ similarly to the bounded distributive lattice case described in the paper appendix. Let us define a ternary relation R ⊆ PF(L) × PF(L) × PF(L) as R(A, B, C) ⇔ A•B ⊆ C and E = φ(ε). We also define binary relations R ✷ and
Standardly, the subbasis of the topology τ is defined with by the sets φ(a) and −φ(a), a ∈ M. Then the structure PF(M), τ, E, R, R ✷ , R ✸ is the dual space of a residuated distributive modal algebra M.
Let X = X, τ, ≤, R, R ✷ , R ✸ , E be a modal bDRL-space and ClUp(X ) the set of all upwardly closed clopens of X . We define product as a binary operation on ClUp(X ) as
the dual algebra of a modal bDRL-space X . One may show that φ commutes with products and residuals [15] , that is:
φ commutes with modal operators as φ(✸a) = R ✸ [φ(a)] and φ(✷a) = [R ✷ ][φ(a)] that also may be shown similarly to Proposition 5.2.1 here [38] .
One of the key theorems is the following one:
The dual algebra of a modal bDRL-space X is an RDMA.
(ii) The dual space of a residuated distributive modal algebra M is a modal bDRL-space
Proof.
(i) Let A, B be upwardly closed clopens, let us show that 
Let A be a prime filter, then R ✷ (A) and R ✸ (A) are closed that might be shown as the well-known Esakia's lemma [13] . Let A be an upwardly closed clopen, R ✷ (A) and R ✸ (A) are upwardly closed clopens. The last two facts might be proved similarly to the intutionistic modal logic case [38] . ✷ Definition 5.4 Given modal bDRL spaces X , Y, a contnuous bounded is a map f : X → Y such that f is a Priestley map that preserves ternary and binary relations as a bounded morphism.
As usual, the previous lemma allows one to claim that PF and ClUp are contravariant functors. The following theorem establish a desired topological duality itself. Proof.
(i) The isomorphism is map a → φ(a) that commutes with products, residuals and modal operators as discussed above.
(ii) A homeomorphism is a map g : x → {A ∈ ClUp | x ∈ A}. As it is shown by Galatos, R X (x, y, z) ⇔ R PF(ClUp(X )) (g(x), g(y), g(x)). One may immediately extend this homeomorphism and show that this map commutes with binary modal relations.
(iii) Follows from the previous two items and the previous theorem. Let us ensure briefly that these functors behave as expected with morphisms. Let h : M 1 → M 2 be an RDMA homomorphism, then a map PF(h) :
where F is a prime filter. This map also satisfies the monotonicity and lifting properties for a ternary relation, see [15] . One may show that PF(h) has the monotonicity and lifting properties for [R ✷ ] and R ✸ similarly to the intutionistic modal logic case. On the other hand, ClUp(f ) : 
Further work
In this paper, we overviewed canonicity for the distributive full Lambek calculus and its modal extensions within a "usual" Kripkean semantics. The further questions that should be solved are Sahlqvist and Goldblatt-Thomason theorems for such semantics and its non-distributive generalisation to study canonicity and modal definability for noncommutative modal logic with residuals in depth. One may consider for these purposes the frameworks described in [9] and [8] .
One may also consider a Kleene star as a modal operator [34] , but such a modality is neither ✷ nor ✸. The (non)canonicity of the variety of residuated Kleene lattices also should be studied and explored considering a Kleene residuated lattice as a sort of bounded lattice with operators.
We took the Lambek calculus with additive connections as the underlying logic requiring the lacking distributivity principle which is unprovable in the full Lambek calculus. A Priestley-style topological duality provided in this paper might be extended considering dual spaces for non-distributive residuated modal algebras using the canonical extensions technique studied by Gehrke and van Gool, e.g., here [23] .
The distributive Lambek calculus also has the cut-free hypersequent cal-culus and FMP [33] , but the same issues for the modal extensions are not investigated yet.
Let L be a bounded distributive lattice and PF the set of prime filters in L. Let us define a map φ : L → P(PF(L)) such that φ : a → {F ∈ PF(L) | a ∈ F }. The sets φ(a) and −φ(a) form a subbasis of topology on PF(L), where a ∈ L. The structure PF(L), τ, ⊆ is a Priestley space, where τ is generated by the subbasis above.
Let X = X, τ, ≤ be a Priestley space and ClUp(X ) the set of all clopen upwardly closed subsets of X . The dual algebra of a Priestley space is an algebra ClUp(X ), ∩, ∪, ∅, X , which is a bounded distribute lattice.
Let L be a bounded distributive lattice, then η L : L → ClUp(PF(L)) is a lattice isomorphism. Given a Priestley space X , then ε X : X → PF(ClUp(X )) is a Canonical extensions were introduced by Jonsson and Tarski to extend a Stone representation to Boolean algebras with operators [31] . Let us overview canonical extensions of distributive lattice expansions. We refer the reader to these paper [20] [21] to have a more detailed picture of bounded distributive lattice expansions and canonical extensions for them.
Given a complete lattice L, a ∈ L is called completely join irreducible, if a = i∈I a i implies that a = a i for some i ∈ I. Completely meet irreducible elements are defined dually. By J ∞ (L) (M ∞ (L) we denote the set of all completely join (meet) irreducible elements. There is an order isomorphism κ : J ∞ (L) → M ∞ (L) such that κ : u → (− ↑ u) [20] .
A complete lattice L is completely distributive [10] , if for each doubly indexed subset {x ij } i∈I,j∈J of L one has i∈I ( j∈J x ij ) = α:I→J ( i∈I x iα(i) ) A perfect distributive lattice is a doubly algebraic completely distributive lattice, that is:
Definition .3 Let L be a bounded distributive lattice, then L is called perfect distributive lattice, if it is completely distributive and every x ∈ L has the form x = {j ∈ J ∞ (L) | j ≤ x} and x = {m ∈ M ∞ (L) | x ≤ m}. That is, J ∞ (L) and M ∞ (L) are join-dense and meet-dense in L correspondingly.
Given a lattice L, by the completion of L we mean an embedding L ֒→ L ′ , where L ′ is a complete lattice. For simplicity, we assume that L ′ contains L as a sublattice. The definition of a canonical extension is the standard one:
Definition .4 Let L be a bounded distributive lattice, a canonical extension of L is a completion L ֒→ L σ , where L σ is a complete lattice and the following conditions hold:
(i) (Density) Every element of L σ is both a join of meets and meets of joins of elements from L (ii) (Compactness) Let S, T ⊆ L such that S ≤ T in L σ , then there exist finite subsets S ′ ⊆ S and T ′ ⊆ T such that S ′ ≤ T ′ . Now we define filter and ideal elements, or, closed and open elements, according to the alternative terminology.
Definition .5 Let L be a bounded distributive lattice and L σ a canonical extension of L. Let us define the following sets:
(i) F (L σ ) = {x ∈ L σ | x is a meet of elements from L}, the set of filter elements (ii) I(L σ ) = {x ∈ L σ |x is a join of elements from L}, the set of ideal elements
It is known that the poset F (L δ ) is isomorphic to the poset Filt(L), the set of all filters of L and the similar statement holds for I(L σ ) and the of all ideals of L. We recall that a canonical extension of a bounded lattice L is unique up to isomoprphism that fixes L, see, e. g., [19] . For each canonical extension L ֒→ L σ , the poset F (L σ ) ∪ I(L σ ) is uniquely defined by L. The uniqueness of a canonical extension of L up to an isomorphism fixing L follows from this observation.
In the case of bounded distributive lattices, one has the following fact [20] :
Proposition .6
